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Abstract
In this note we consider a quantum reduction scheme in deformation quantization on symplectic
manifolds proposed by Bordemann, Herbig and Waldmann based on BRST cohomology. We
explicitly construct the induced map on equivalence classes of star products which will turn out
to be an analogue to the Kirwan map in the Cartan model of equivariant cohomology. As a
byproduct we shall see that every star product on a (suitable) reduced manifold is equivalent to
a reduced star product.
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1 Introduction
Since ancient times symmetries have played a pivotal role in both physics and mathematics. And
so has the art of symmetry reduction, i.e. getting rid of excess degrees of freedom. One prominent
example would, of course, be Marsden-Weinstein reduction on symplectic manifolds [27], which will
be the main focus of this note. Given a classical system, conceived as a symplectic manifold (M,ω),
with symmetry given by a Hamiltonian (i.e. there is an ad∗-equivariant momentum map J) action
of a Lie group G by symplectomorphisms, Marsden-Weinstein reduction is a two-step-process. First,
∗thorsten.reichert@mathematik.uni-wuerzburg.de
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take the level set C := J−1({0}) (0 should be a value and regular value of J) of the momentum map,
whereupon we assume the induced group action to be free and proper. This allows one, in the second
step, to build the quotient Mred = C/G which turns out to be again a symplectic manifold. The
whole situation can be summarized in the diagram
M
ι←−−↩ C pi−−−Mred.
With the advent of Quantum Mechanics, there have been numerous proposals of how to implement
symmetry reduction in any given Quantum Theory, starting with Dirac [11]. However, just as with the
multitude of quantization schemes developed over time, even in one such scheme, there is typically
no “universal” reduction process. Here we will investigate only one quantum reduction scheme in
the context of deformation quantization [2] proposed by Bordemann, Herbig and Waldmann in [5]
and further developed in [20] by Gutt and Waldmann, which is based on BRST cohomology. We
will provide a brief recap to the extent needed later on in Section 2. One of the central ingredients
of this reduction scheme is the notion of quantum momentum maps, a direct generalization of the
concept of momentum maps on symplectic manifolds (see [35], we will mostly follow conventions
from [28, 29]): given a connected Lie group G with Lie algebra g acting on a symplectic manifold
M by symplectomorphisms and a star product ? on M , a quantum momentum map is a linear map
J : g −→ C∞(M)JνK into the formal series of smooth functions on M such that for all ξ, η ∈ g
LXξ = −
1
ν
ad?(J(ξ)) and [J(ξ),J(η)]? = νJ([ξ, η])
hold (where we denoted by Xξ the fundamental vector field of ξ). The pair (?,J) is then called
an equivariant star product and the equivalence classes of equivariant star products where recently
shown to be characterized by the second equivariant cohomology (in the Cartan model, see [7,18,22])
H2g(M) of M with respect to G in [32]. Star products on the Marsden-Weinstein reduced symplectic
manifold, which we will throughout denote byMred, on the other hand, are classified by the second de
Rham cohomology H2dR(Mred), see [3,10,14,19,30,34] for the symplectic and [25] for the more general
Poisson case.
The main question we will be answering is the following: given any equivariant star product (?,J)
on M with characteristic class cg(?,J) ∈ 1νH2g(M)JνK and the corresponding reduced star product
?red with characteristic class c(?red) ∈ 1νH2dR(Mred)JνK, what exactly is the relation between these
classes? A previous result by Bordemann [4] already gives a partial answer. Using the representation
of equivariant differential forms as equivariant maps g −→ Ω(M) (see Section 3) gives maps
H2g(M)
ev0−−→ HG,2dR (M) i−→ H2dR(M)
where HG,2dR (M) denotes the second invariant de Rham cohomology of M with respect to the action of
G (note that, for noncompact G, this is different from the invariant part of the de Rham cohomology),
ev0 is induced by the evaluation at 0 ∈ g and i is induced by the inclusion of invariant differential
forms into differential forms. Both are compatible with taking (equivariant, invariant) characteristic
classes of star products, that is the following diagram commutes [32]
Starg(M) Star(M)
1
νH
2
g(M)JνK 1νHG,2dR (M)JνK 1νH2dR(M)JνKev0 i
cg c
2
where the top map is the inclusion of equivariant star products into star products on M . One can
then compare the characteristic classes of ? and ?red on the momentum level set C used in the classical
Marsden-Weinstein reduction via pullbacks
HdR(M)
ι∗−→ HdR(C) pi
∗←− HdR(Mred)
and one finds that ι∗c(?) = pi∗c(?red) [4]. However, even for nontrivial H2dR(M) or H2dR(Mred), there
are cases where H2dR(C) = 0 and thus this equation does not provide any insights. One such example
is given by the Hopf-fibration
C
n+1 \ {0} ←−↩ S2n+1 −− CPn.
To alleviate this problem, we will throughout Section 3 construct a map K : Hg(M) −→ HdR(Mred)
which circumvents the projection Hg(M) −→ HdR(M) and enables us to prove the main theorem in
Section 4
Theorem (Main theorem) Let M be a symplectic manifold equipped with a smooth and proper
Hamiltonian G-action for a finite dimensional, connected Lie group G and let J : M −→ g∗ be the
corresponding Ad∗-equivariant momentum map. Assume furthermore that the induced action of G on
J−1({0}) is free. Given any equivariant star product (?,J) on M and the corresponding reduced star
product ?red on Mred, we then have
K(cg(?,J)) = c(?red).
Furthermore, K is surjective.
The map K will turn out to be the Cartan model analogue of the Kirwan map [23], which is defined
for the topological, or Borel, model otherwise known as the homotopy quotient. The critical remark
here is that we will not restrict ourselves to compact Lie groups and hence the cohomologies of the
Cartan and Borel model typically do not agree. The reason we are using the Cartan model at all is of
course the fact, that it classifies (also in the noncompact case) equivariant star products on symplectic
manifolds [32].
During the construction of K one pivotal result will be that for any G-principal bundle P pi−→ B
the equivariant cohomology (in the Cartan model) of the total space is related to the de Rham
cohomology of the base by pi∗ : HdR(B) ∼= Hg(P ) [7, 18]. Since in the context of Marsden-Weinstein
reduction the action of G on the momentum level set C is proper and free, C can be viewed as a
principal bundle over Mred [12], which enables us to write K concisely as
K = (pi∗)−1 ◦ ι∗ : Hg(M) ι
∗−→ Hg(C) (pi
∗)−1−−−−→ HdR(Mred)
Finally, the surjectivity of K shows that any star product on Mred is equivalent to one obtained by
quantum reduction from M .
Acknowledgements: The author would like to thank Stefan Waldmann for numerous helpful discus-
sions, James Stasheff for useful advice on the preprint, the anonymous referee for their constructive
input, Jonas Schnitzer for assistance with proofreading the text as well as Marco Benini and Alexander
Schenkel for valuable remarks.
2 Reduction of Star Products
Throughout this exposition, let (M,ω) be a connected symplectic manifold equipped with a smooth
and proper Hamiltonian G-action for a finite dimensional, connected Lie group G and let J : M −→ g∗
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be the corresponding Ad∗-equivariant momentum map. We will furthermore require that 0 is a value
and regular value of J and that the G-action on J−1({0}) is free and proper. In this setting we can
apply Marsden-Weinstein reduction to obtain the reduced symplectic manifold Mred := J−1({0})/G.
We then have the following maps
M
ι←−−↩ C := J−1({0}) pi−−−Mred
where ι is an inclusion of a closed submanifold and pi a surjective submersion. The symplectic two-
form ωred on Mred is uniquely determined by ι∗ω = pi∗ωred. We will frequently summarize the above
situation by stating that Mred is Marsden-Weinstein reduced [27] from M via C (for details see
e.g [33]).
For the convenience of the reader we will briefly recall a construction from [20] to obtain star
products on Mred from star products on M (see also [4, 5, 8, 9, 15, 26]). First, since the action of
G is proper, there exists an open neighbourhood Mnice ⊆ M of C together with a G-equivariant
diffeomorphism
Φ: Mnice −→ Unice ⊆ C × g∗ with pr1 ◦ Φ ◦ ι = idC
onto an open neighbourhood Unice of C × {0}, where the G-action on C × g∗ is the product action
of the one on C and Ad∗, such that for each p ∈ C the subset Unice ∩ ({p} × g∗) is star shaped
around {p} × {0} and the momentum map J is given by the projection onto the second factor, i.e.
J
∣∣
Mnice
= pr2 ◦ Φ [5]. We can use Φ to define the following prolongation map:
prol : C∞(C) −→ C∞(Mnice) : φ 7−→ (pr1 ◦ Φ)∗ φ (2.1)
Clearly we have ι∗ ◦ prol = idC∞(C). Next consider the (classical) Koszul complex, given by
C∞(M,Λ•Cg) = C
∞(M)⊗ Λ•Cg with δ = i(J).
Unice being star shaped allows to define
(hkx)(p) = ea ∧
1∫
0
tk
∂
(
x ◦ Φ−1)
∂µa
(c, tµ)dt
for x ∈ C∞(M,Λkg) where we chose a basis {ea} of g and denoted Φ(p) = (c, µ). The following
proposition [20, Prop. 2.1] summarizes some properties of hk:
Proposition 2.1 The Koszul complex (C∞(Mnice,Λ•g), δ) is acyclic with explicit homotopy h and
homology C∞(C) in degree 0. In detail, we have
hk−1δk + δk+1hk = idC∞(Mnice,Λg)
for k ≥ 0 and
prol ι∗ + δ1h0 = idC∞(Mnice)
as well as ι∗δ1 = 0. Thus the Koszul complex is a free resolution of C∞(C) as C∞(Mnice)-modules.
We have
h0 prol = 0
and all the homotopies hk are G-equivariant.
Turning towards quantum reduction, we will exclusively be interested in equivariant (formal) star
products on M , so let us give a quick definition (compare [21], [29], [35]):
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Definition 2.2 A (formal) star product on (M,ω) is a bilinear map
? : C∞(M)× C∞(M) −→ C∞(M)JνK : (f, g) 7−→ f ? g = ∞∑
k=0
νkCk(f, g),
such that its ν-linear extension to C∞(M)JνK is an associative product, all Ck are bidifferential
operators, C0(f, g) = fg and C1(f, g)−C1(g, f) = {f, g}ω for all f, g ∈ C∞(M). An equivariant star
product is a pair (?,J) of a star product ? together with a linear map J : g −→ C∞(M)JνK such that
Lξ = −1
ν
ad?(J(ξ)) and J([ξ, η]) = [J(ξ),J(η)]?
where we denoted by Lξ the Lie derivative with respect to the fundamental vector field Xξ of ξ.
The definition of an equivariant star product immediately implies thatLξ is a derivation of ? and, since
G is assumed to be connected, that G acts by ?-automorphisms. Here we are using the convention
ad?(f)(g) := [f, g]? with [ , ]? being the commutator with respect to ?.
We will start by introducing the quantized Koszul operator [20]:
Definition 2.3 (Quantized Koszul operator) Let κ ∈ CJνK. The quantized Koszul operator
∂(κ) : C∞(M,Λ•
C
g)JνK −→ C∞(M,Λ•−1
C
g)JνK is defined by
∂(κ)x = i(ea)x ? Ja +
ν
2
Ccabec ∧ i(ea) i(eb)x+ νκ i(∆)x
where Ccab = e
c([ea, eb]) are the structure constants of g and
∆(ξ) = tr ad(ξ) for ξ ∈ g (2.2)
is the modular one-form ∆ ∈ g∗ of g.
Here {ea} is assumed to be any basis of g, Ja := J(ea) and i(ξ)x denotes the insertion of any ξ ∈ g
into the first argument of x ∈ Λ•
C
g. We will from now on fix κ and omit any explicit mention in all
subsequent formulae. Some properties of ∂ are collected in [20, Lemma 3.4]:
Lemma 2.4 Let (?,J) be an equivariant star product and κ ∈ CJνK. Then one has
i) ∂ is left ?-linear.
ii) The classical limit of ∂ is δ.
iii) ∂ is G-equivariant.
iv) ∂ ◦ ∂ = 0.
Following [5] one can introduce a deformation of the classical restriction map ι∗ by
I∗ = ι∗(id+(∂1 − δ1)h0)−1 : C∞(M)JνK −→ C∞(J−1({0}))JνK
where h is a homotopy of the classical Koszul complex. Furthermore, one can find a homotopy H
with H−1 = prol such that the augmented complex with ∂0 = I∗ has trivial homology:
Hk−1∂k + ∂k+1Hk = idC∞(M,Λ•g)JνK
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for k ≥ 0 and I∗ prol = idC∞(C)JνK for k = −1. Moreover the maps I∗ and Hk are G-equivariant. To
finally arrive at the reduced star product, one defines a left ?-ideal JC and its normalizer BC
JC := im(∂1) ⊆ C∞(M)JνK
BC := {f ∈ C∞(M)JνK | [f,JC ]? ⊆ JC}
to obtain the mutually inverse maps
BC/JC −→ pi∗C∞(Mred)JνK : [f ] 7−→ I∗f
C∞(Mred)JνK −→ BC/JC : u 7−→ [prol(pi∗u)] (2.3)
which enable us to define
pi∗(u ?red v) := I∗(prol(pi∗u) ? prol(pi∗v))
for all u, v ∈ C∞(Mred)JνK.
Since we are interested mainly in classifying equivariant star products and their corresponding
reduced star products, the first critical property to check is whether equivariantly equivalent star
products on M reduce to equivalent star products on Mred.
Lemma 2.5 Let T : (?1,J1) 7−→ (?2,J2) be an equivariant equivalence, then
Tred :=
(
(pi∗)−1 ◦ I∗) ◦ T ◦ (prol ◦pi∗)
is an equivalence Tred : ?1red 7−→ ?2red.
Proof: First of all, let us check that T induces a map B1C/J 1C −→ B2C/J 2C . By extending T onto
C∞(M,Λ•g) ∼= C∞(M) ⊗ Λ•g as the identity on the second factor, we can calculate for any x ∈
C∞(M,Λ•g)JνK:
T∂1x = T
(
i(ea)x ?1 J1a +
ν
2
Ccabec ∧ i(ea) i(eb)x+ νκ i(∆)x
)
= i(ea)Tx ?2 TJ1a +
ν
2
Ccabec ∧ i(ea) i(eb)Tx+ νκ i(∆)Tx
= ∂2(Tx)
since TJ1 = J2 and T commutes with all insertions and wedge products of Lie algebra elements. This
shows in particular, that T is a chain map between the two quantized Koszul complexes
T :
(
C∞(M,Λ•g)JνK, ∂1) −→ (C∞(M,Λ•g)JνK, ∂2).
Thus for any f = ∂1x we know that Tf = ∂2Tx and hence Tf ∈ J 2C . Even more, since T is invertible,
J 1C ∼= J 2C (as sets) holds. Take then any j2 ∈ J 2C , any f ∈ B1C , define j1 := T−1j2, and calculate
[Tf, j2]?2 = [Tf, T j1]?2 = T [f, j1]?1 ∈ TJ 1C = J 2C ,
hence we have B1C ∼= B2C (as sets). Furthermore, by (2.3) and the fact that T is an equivalence and
thus starts with idC∞(M)JνK in 0th order, we know that Tred also has idC∞(Mred)JνK in 0th order. The
only thing left to check is then that the higher orders of Tred are differential operators on Mred. This
however is a direct consequence from the fact that I∗ can be decomposed into [5]
I∗ = ι∗ ◦
(
id+
∞∑
k=1
νkSk
)
with differential operators Sk. 
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3 Equivariant Cohomology on Principal Fibre Bundles
As seen in [32], equivariant star products on symplectic manifolds are classified by the second equiv-
ariant cohomology (or, to be more precise, by the cohomology of the Cartan complex of equivariant
differential forms). In the context of Marsden-Weinstein reduction (Section 2) we will be interested
mostly in the equivariant cohomology of principal bundles, more specifically, the principal bundle
pi : C = J−1({0}) −→ Mred (which is a principal bundle since the action on C is free and proper,
see [12]).
To start off, we will first recall the necessary basic definitions of equivariant cohomology (for a
detailed exposition consult e.g. [7,18]). LetM be a manifold equipped with a smooth G-action for any
finite dimensional, connected Lie group G with Lie algebra g and consider the complex of equivariant
differential forms Ωkg(M) := ⊕
2i+j=k
[
Si(g∗)⊗ Ωj(M)]G, dg = d + i•

where S denotes the symmetric tensor algebra, Ω the de Rham complex, d the de Rham differential,
i• the insertion of fundamental vector fields of the action into the differential form part and invariants
are taken with respect to the tensor product of the coadjoint action Ad∗ of G on S(g∗) and the
pullback on Ω(M)
. : G× (S(g∗)⊗ Ω(M)) −→ S(g∗)⊗ Ω(M) : (g, p⊗ α) 7−→ Ad∗(g)p⊗ (g−1)∗α.
We can view elements of α ∈ [S(g∗)⊗ Ω(M)]G as polynomial maps α : g −→ Ω(M) such that
g Ω(M)
g Ω(M)
Ad(g) (g−1)∗
α
α
commutes. Occasionally, for any α ∈ [Si(g∗)⊗ Ωj(M)]G, we will refer to k = 2i + j as the total, i
the symmetric and j the exterior degree of α. Finally, we will frequently make use of the pullback by
smooth functions on the complex of equivariant differential forms and the equivariant cohomology, so
let us give a brief recap. For any two manifolds M and N with G actions and any equivariant smooth
map f : M −→ N we define for p⊗ α ∈ [Si(g∗)⊗ Ωj(N)]G the pullback
f∗(p⊗ α) = p⊗ f∗α.
Clearly, f∗(p ⊗ α) ∈ [Si(g∗)⊗ Ωj(M)]G since f is equivariant. Also note that Ωg is a contravariant
functor, since it can be expressed as
Ωg =
[(
_G
) ◦ (S(g∗)⊗ _) ◦ Ω].
Lastly, we will denote by Hg(M) the cohomology of Ωg(M) and note that the map [p ⊗ α]g 7−→
[f∗(p⊗ α)]g on cohomology is well defined, since idf• f∗ = f∗ i• and df∗ = f∗d.
Remark 3.1 Ωg(M) in general only computes the equivariant cohomology of M under special cir-
cumstances (e.g. if G is compact or if the action of G on M is free and proper, see Corollary 3.5)
and hence is, in general, not a model of equivariant cohomology. Thus it is important to note that
subsequently we will always refer to Hg(M) by equivariant cohomology.
We will be needing one central result from equivariant cohomology, due to to Cartan [7]
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Theorem 3.2 Let C be a G-principal bundle. Then
Hg(C) ∼= H(Ωbas(C), d)
For a (more general) proof consult e.g. [18, 22, 31]. Here however, we will for the convenience of the
reader, showcase a shorter, more elementary proof. To this end we will need a well known result
about basic differential forms on fibre bundles. Recall that, for a surjective submersion pi : M −→ N ,
a differential form µ is called basic if iY µ = 0 and LY µ = 0 for all Y ∈ ker(Tpi). We will denote the
complex of basic differential forms on M by Ωbas(M). The following lemma is widely known:
Lemma 3.3 Let pi : M −→ N be a surjective submersion such that pi−1(y) is a connected submanifold
of M for all y ∈ N . Then a differential form µ ∈ Ω(M) is basic if and only if there exists a ν ∈ Ω(N)
such that
µ = pi∗ν
Returning to the equivariant cohomology of C, there is one additional result needed which involves
principal connections on principal bundles. The suitable definition of principal connections on a G-
principal bundle for our purposes is that of a g-valued 1-form ω ∈ Ω1(P )⊗ g with
Adg
(
(g−1)∗ω
)
= ω and ω(Xξ) = ξ
for all g ∈ G and ξ ∈ g (again, Xξ denotes the fundamental vector field of ξ). Let us from now on fix
an arbitrary principal connection ω ∈ Ω1(C)⊗ g (existence is guaranteed e.g. by [1] or [24]). We can
then evaluate any p ∈ S1(g) on the second tensor factor of ω, for which we will write p(ω) ∈ Ω1(C).
We will now use ω to define for k ≥ 1 the following map
hω : S
k(g∗)⊗ Ω(C) −→ Sk−1(g∗)⊗ Ω(C) :
k∏
i=1
pi ⊗ α 7−→
k∑
j=1
k∏
i=1
i 6=j
pi ⊗ pj(ω) ∧ α (3.1)
and hω = 0 on S0(g∗)⊗ Ω(C).
Lemma 3.4 hω is a contraction of the chain complex Ck =
[
Sk(g∗)⊗ Ωn−k(C)]G with differential i•
(using the convention Ωn(C) = 0 for n < 0):
i• hω + hω i• = id
Proof: The proof has two parts. First, we have to show that h is a G-equivariant map and secondly,
that i• hω + hω i• = id holds. To avoid notational clutter, we will perform calculations only for k = 1.
All other cases are straightforward generalizations thereof. So let g ∈ G and p⊗ α ∈ S1(g∗)⊗ Ω(C).
Then we know by the equivariance property of ω that
hω(g . p⊗ α) = hω
(
Ad∗g p⊗ (g−1)∗α
)
=
(
Ad∗g p
)
(ω) ∧ (g−1)∗α
= p
(
Adg−1 ω
) ∧ (g−1)∗α = (g−1)∗(p(ω) ∧ α)
= g . hω(p⊗ α)
Finally, we can compute (using ω(Xξ) = ξ and therefore iξ p(ω) = p(ξ) for all ξ ∈ g)
i• hω(p⊗ α) = i•(p(ω) ∧ α) = i• p(ω) ∧ α− p(ω) ∧ i• α = p⊗ α− hω(i• p⊗ α) 
The significance of the previous lemma becomes clear, once we view the complex of equivariant
differential forms as a double complex Ωi,jg (C) =
[
Si(g∗)⊗ Ωj(C)]G, with vertical differential i• and
horizontal differential d:
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Ω2,n−3g (C) Ω
2,n−2
g (C) Ω
2,n−1
g (C)
Ω1,n−2g (C) Ω
1,n−1
g (C) Ω
1,n
g (C)
Ωn−1(C)G Ωn(C)G Ωn+1(C)G
i•
i•
d d
hω
hω
Lemma 3.4 then shows that the columns of Ω•,•(C) are exact and hence, by a general argument
about double complexes with exact columns (see e.g. [6]), we know that the total cohomology, which
is precisely the equivariant cohomology, is given by the horizontal cohomology of the kernel of the
vertical differential in the bottom row.
Corollary 3.5 Let G be a connected Lie group and C a G-principal bundle. Then
Hg(C) ∼= HdR(C/G)
Proof: Let α ∈ Ωkg(C) be dg-closed and let αl be the component of α with maximal symmetric
degree l. Then, since α is closed we must have i• αl = 0 and therefore, by Lemma 3.4, there must
be a βl with i• βl = αl. By subtracting dgβl from α its cohomology class stays the same, however
α − dgβl has maximal symmetric degree l − 1 or less. Repeating this process, one can find in every
cohomology class a representative of symmetric degree zero.
Now, the bottom row complex of Ωg(C) is just the complex of invariant differential forms
(
Ω(C)G, d
)
.
Consequently all dg-closed forms in the bottom row complex are those, that are invariant, d-closed and
i•-closed, which is equivalent to being basic and d-closed. Since the bundle projection pi : C −→ C/G
is a surjective submersion, pi∗ : Ωbas(C) −→ Ω(C/G) is a chain isomorphism, hence
Hg(C) ∼= HdR(C/G). 
Remark 3.6 Since the rows of Ωg(P ) are not only exact, but exact by a given homotopy hω, we can
consider the following map (denote by Zg (Zbas) closed equivariant (basic) differential forms)
φ : Zg(C) −→ Zg(C) : α 7−→ α− dghωα.
Obviously, φ induces idHg(C) on cohomology. However, on representatives, φ reduces the maximal
symmetric degree of α by at least one and therefore implements the algorithm used for Corollary 3.5
to reduce α to a basic form on P (additionally φ alters the lower degrees, too. This however is not
important here). We can now use φ to define
Φ :=
∞∏
k=1
φ : Zg(P ) −→ Zg(P ).
Since Φ stabilizes on Zk,•g (C) after at most k applications of φ, there are no convergence problems
present. Of course, Φ also induces the identity on cohomology. The important part however is that
im Φ ⊆ Zbas(C).
Remark 3.7 From Corollary 3.5 it is clear that pi∗ : Ω(C/G) −→ Ωg(C) is a quasi-isomorphism of
differential graded associative algebras.
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Corollary 3.8 Let Mred be Marsden-Weinstein reduced from M via C by the action of a finite-
dimensional, connected Lie group G. Then the map
K : Zg(M) −→ Z(Mred) : K = (pi∗)−1 ◦ Φ ◦ ι∗
is well-defined and induces
K : H2g(M) −→ H2dR(Mred) : K = (pi∗)−1 ◦ ι∗
on cohomology.
Proof: Apply Corollary 3.5, Remark 3.6 and Remark 3.7 to the case C/G ∼= Mred. 
Remark 3.9 The map K from Corollary 3.8 can bee seen as the Cartan-model analogue of the
Kirwan map [23]. Again, we emphasize that we cannot use the original Kirwan map since we are
working with not necessarily compact Lie groups.
The intriguing question here is of course what we can say about the image ofK, which is completely
determined by the image of ι∗.
Corollary 3.10 Let Mred be Marsden-Weinstein reduced from M . Then K : H2g(M) −→ H2dR(Mred)
from Corollary 3.8 is surjective.
Proof: The very definition of prol (2.1) extends to the de Rham-complexes of M and C:
prol : Ω(C) −→ Ω(M) : prol = (pr1 ◦ Φ)∗
and we clearly have ι∗ ◦ prol = idΩ(C). Furthermore, by functoriality of S(g∗)⊗ •, G and cohomology,
this equation holds on equivariant cohomology. Thus ι∗ has a right-inverse and hence must be
surjective. 
4 Characteristic Classes of reduced Star Products
Having the results of the previous sections at hand, we can proceed to prove the main theorem of
this paper. It relies heavily on Corollary 3.5, the classification of (equivariant) star products on
symplectic manifolds and a result from [4] which relates the characteristic class of a star product with
the characteristic class of its reduction. Let us begin by recalling the relevant classification results. On
one hand, the set of equivalence classes of star products on symplectic manifolds up to equivalences
of star products Def(M,ω) is isomorphic to formal power series in the second de Rham cohomology
of the manifold (see [3], [10], [19])
c : Def(M,ω)
∼−→ ω
ν
+ H2dR(M)JνK
while on the other hand, the set of equivalence classes of equivariant star products deforming a
momentum map J up to equivariant equivalences Def(M,ω, J) is isomorphic to power series in the
second equivariant cohomology, see [32]
cg : Def(M,ω, J)
∼−→ ω − J
ν
+ H2g(M)JνK.
Both c and cg are bijections. One can even give explicit expressions of both characteristic classes
for the case of (equivariant) Fedosov star products (see [13]), which are essentially all (equivariant)
star products (by [3], [32]). Strictly speaking, the Fedosov construction maps pairs of a torsion-free,
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symplectic connection ∇ and a formal series of closed two-forms Ω ∈ νZ2(M)JνK to star products.
We will however fix once and for all torsion-free, symplectic (and invariant, if applicable) connections
on all manifolds involved and henceforth drop all references to them. Instead, we will denote Fedosov
star products constructed from Ω by F (Ω) for which then the following equations hold:
c(F (Ω)) =
1
ν
[ω + Ω] cg(F (Ω),J) =
1
ν
[ω + Ω− J]g.
Finally, from [4] we have the lemma
Lemma 4.1 Let Mred be Marsden-Weinstein reduced from M via C with inclusion ι : C −→M and
principal bundle projection pi : C −→ Mred. Additionally, let (?,J) be an equivariant star product on
M and let ?red be the corresponding reduced star product on Mred. Then we have
ι∗c(?) = pi∗c(?red).
Using all those results, we obtain
Theorem 4.2 The characteristic class c(?red) of ?red is given by
c(?red) = K
(
cg(?,J
′)
)
.
Proof: For the (−1)-th order in ν this follows directly from the Marsden-Weinstein reduction since(
J
∣∣
ν=0
)∣∣
C
= 0 and ι∗ω = pi∗ωred. Thus ι∗(ω − J
∣∣
ν=0
) = ι∗ω is basic and ωred is the unique form on
Mred with pi∗ωred = ι∗ω. For the higher orders, let F (Ωred) be a Fedosov star product equivalent to
?red (for its existence see [3]) and let (F (Ω),J) be a Fedosov star product equivariantly equivalent to
(?,J′) (which exists due to [32]). Now observe that
ι∗c(F (Ω),J)+ := ι∗
cg(F (Ω),J)− [ω − J∣∣ν=0
ν
]
g
 = 1
ν
[ι∗(Ω− J+)]g
pi∗c(F (Ωred))+ := pi∗
(
c(F (Ωred))−
[ωred
ν
])
=
1
ν
[pi∗Ωred]g
where we denoted by J+ the terms of order strictly greater 0 in ν. Using Ω˜ = K(cg(F (Ω),J)+) as a
shorthand notation, we know from the definition ofK (see Corollary 3.8) that ι∗cg(F (Ω),J)+ = [pi∗Ω˜]g.
Hence we have
[ι∗(Ω− J)]g = [pi∗Ω˜]g
which is equivalent (by using the definition of dg) to
ι∗Ω− pi∗Ω˜ = dθ and i• θ = −J+
for some θ ∈ Ω1(C)JνK. Additionally, we know from Lemma 4.1, [4] that ι∗Ω− pi∗Ωred = dµ for some
µ ∈ Ω1(C)JνK. Combining those two yields
pi∗Ω˜− pi∗Ωred = d(µ− θ).
Here the left hand side tells us that the form is basic, while from the right hand side, we see that it
is exact. Hence we can infer the existence of χ ∈ Ω1(Mred)JνK such that pi∗(Ω˜ − Ωred) = dpi∗χ. But
this immediately shows that [pi∗Ω˜]g = [pi∗Ωred]g and in turn
ι∗cg(F (Ω),J)+ =
1
ν
[ι∗(Ω− J)]g = 1
ν
[pi∗Ω˜]g =
1
ν
[pi∗Ωred]g = pi∗c(F (Ωred))+
Finally, remember that K is precisely (pi∗)−1 ◦ ι∗ to conclude the proof. 
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With Corollary 3.8 and Theorem 4.2 we can deduce the following corollaries:
Corollary 4.3 Let Mred be Marsden-Weinstein reduced from M by G. Then for any star product ?
on Mred, there exists a G-equivariant star product (?˜,J) on M such that ? and (?˜,J)red are equivalent.
Proof: K is surjective and two star products onMred are equivalent if and only if their characteristic
classes coincide [3]. 
Corollary 4.4 If Mred can be Marsden-Weinstein reduced from M by G and the second invariant
de Rham cohomology HG,2dR (M) vanishes, then for any star product ? on Mred there exists a quantum
momentum map J of F (0) such that (F (0),J)red is equivalent to ?.
Proof: First, F (0) is invariant, see [29]. Since HG,2dR (M) = 0 any two invariant star products are
invariantly equivalent and hence every invariant star product is invariantly equivalent to F (0). But
then every equivariant star product (?,J′) is equivariantly equivalent to (?M , TJ′) whenever T is an
invariant equivalence between ? and ?M . 
Especially the second corollary should be reminiscent of [17] wherein it is shown thatRn is (up to a
cohomological condition) universal with respect to reduction, that is almost every symplectic manifold
Mred can be obtained as a reduction of Rn. Here, every star product on a symplectic manifold Mred
that has been Marsden-Weinstein reduced from M , can be obtained as a reduction of F (0) as long
as HG,2dR (M) vanishes . The main difference (and drawback) with Corollary 4.4 is of course that it is
restricted to Marsden-Weinstein reduction only whereas in [17] reduction with respect to coisotropic
submanifolds is used and it is, to the authors knowledge, not clear which symplectic manifolds arise as
Marsden-Weinstein reductions from Rn. On the other hand, reduction of star products by coisotropic
manifolds seems to be difficult and only partial results are known (compare [4,8,9,16]). Also, one can
easily see that the condition HG,2dR (M) in Corollary 4.4 poses a real obstruction as seen in the example
of Rn acting on Rn by translations.
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